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Exceptional points for sensing



2 x 2 Matrix model

−𝑖𝛾 𝑔
𝑔 𝑖𝛾

𝜆 = ± 𝑔2 − 𝛾2

• PT-symmetric Hamiltonian

• Eigenvalues

Difference between eigenvalues is very 
sensitive to  perturbations of the parameters!

𝛾 ≡ 𝑔

• Near an EP

𝜖 ≪ 𝑔

Δ𝜆 ∝ 𝜖

𝜆2 − 𝜖𝜆 − 𝑖𝜖𝑔 = 0

• Characteristic equation
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Third-order exceptional points
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• PT-symmetric Hamiltonian

• Eigenvalues

𝛾 ≡ 2𝑔

• Near an EP

𝜖 ≪ 𝑔

Δ𝜆 ∝ 𝜖
1
3

In general, differences between eigenvalues 
are proportional to 𝜖

1
𝑁. (𝑁 : order of EP)

𝜖 + 𝑖 2𝑔 𝑔 0
𝑔 0 𝑔
0 𝑔 −𝑖 2𝑔

𝜆3 − 𝜖𝜆2 − 𝑖 2𝜖𝜆𝑔 + 𝜖𝑔2 = 0

• Characteristic equation



Microring resonator

H. Hodaei et al., Science 346, 975 (2014).

InGaAsP quantum well microrings
Radius : 10 μm Width: 500 nm Height : 210 nm



Coupling between microrings

H. Hodaei et al., IEEE J. Sel. Top. Quantum Electron. 22, 1 (2016).

coupling strength

coupling strength

H. Hodaei et al., Opt. Lett. 40, 4955 (2015).



PT-symmetric resonator

https://figshare.com/articles/Visualization_1_Parity-time-symmetric_coupled_microring_lasers_operating_around_an_exceptional_point/4920311
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Microrings for Third-order EP



Refractive index perturbations 

Three gold microheaters are fabricated underneath each cavity.

𝜖1 + 𝑖 2𝑔 𝑔 0
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Eigenvalue measurement

EP



Eigenmode at EP

intensity ratio   = 
1    : 1.95   : 1.16

𝑖 2𝑔 𝑔 0
𝑔 0 𝑔
0 𝑔 −𝑖 2𝑔

→ eigenstate : 
1

−𝑖 2
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Second-order EP

Enhancement factor ≡ Δ𝜔
𝜖

Δ𝜆 ∝ 𝜖
1
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Third-order EP

Enhancement factor ≡ Δ𝜔
𝜖

Slope=1/3Δ𝜆 ∝ 𝜖
1
3



Supplementary Material



Schematic diagram

H. Hodaei et al., IEEE J. Sel. Top. Quantum Electron. 22, 1 (2016).



Images of the sample



Effect of coupling

Δ𝜆 ∝ 𝑔𝜖


