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Non-Hermitian systems distinguish themselves from Hermitian systems by exhibiting a phase transition
point called an exceptional point (EP), at which two eigenstates coalesce under a system parameter
variation. Many interesting EP phenomena, such as level crossings in nuclear and condensed matter
physics, and unusual phenomena in optics, such as loss-induced lasing and unidirectional transmission, can
be understood by considering a simple 2 x 2 non-Hermitian matrix. At a higher dimension, more complex
EP physics not found in two-state systems arises. We consider the emergence and interaction of multiple
EPs in a four-state system theoretically and realize the system experimentally using four coupled acoustic
cavities with asymmetric losses. We find that multiple EPs can emerge, and as the system parameters vary,
these EPs can collide and merge, leading to higher-order singularities and topological characteristics much
richer than those seen in two-state systems. The new physics obtained is not limited to the acoustic systems
demonstrated here. It also applies to other systems as well, such as coupled photonic cavities and
waveguides.
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Two coupled acoustic cavity resonators

I
= Two-state system of coupled cavities

H=(a)2—lT0 K )

K w, — il’
[=T,4Ar
Intrinsic loss tunable loss
. '+, 1
eigenfrequency @, = w, — i > 0 i§\/4kz —(AI)?

= Acoustic resonant cavities

k | coupling tubes (cross-sectional area) Cylindrical metallic cavities (Stainless steel)
Radius : 15.0mm
Wz | Varying depth (w, = %,v : speed of sound in air) Air : 1latm

Temperature: 295K
Al ' Inserting the assembly of sponge and putty
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Two coupled acoustic cavity resonators

Measured pressure responses
of a single cavity

Pressure amplitude (arb. unit)
'

D % OO

Increase of
putty and
sponge

Frequency (Hz)

h =50.6 mm
Red open squares is the case of no loss

in the cavity.

Fitting data with | P(w) | o |m
-

to find resonant frequency w,, intrinsic
loss Iy, additional loss AT
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Two coupled acoustic cavity resonators
|

Measufre: pressure relszonsc? §pectra " Pumping and measurements are
of the two coupled cavitles performed at cavity A and asymmetric
(c) loss is provided in cavity B.
- ooxA Expt. )
B = x — 2.0mm, 0.8mm tubes

———— Fitted
45 = Green function of the system
N oo~
. GNP
s - 320
3.0 =1 !
2 i : 1P ()| = A|(p|G(w)]s)] |s) : source
E | E |p) : probe
1.5 F ‘ o AT/27 (H2) = Fitting steps
3400 3450 3500 1 To obtain w,, I, and k
Frequency (Hz) 2. To obtain AT using w,, Iy, and k

= Two eigenmodes coalesce at an EP
when AT = 2|k|
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Four-state non-Hermitian Hamiltonian with coupling

w, — il K 0 t
H= K w, — i’ t 0
0 t w; — il K

t 0 K w1 i’

; N r+r, 1 3 _
eigenfrequency W) =wo—i— if A, + 4\/5 j=11](+
Ay = —(AI)? + 4K? + 4% + (Aw) ? j=2|(=-)
A, = 4K*t? + k?(Aw)? — (AT)? 2

+ j=4 | (+)
wozulszwl_wz

2

= Conditions for coalescence of states (CS)

CS—1,:A,+4/A, =0,A, #0,A, # 0 EP with one state defective

Two different EPs occur simultaneously and

CS—2:A,=0,A, %0 . y
each has one state defective

Coalescence of four states with

CS—3:4, =4, =0 three states defective
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Eigenfrequency phase diagram

2.0
=) e s » Eachclass represents a distinct exceptional
Coal. of Tri-EPs . .
15k State Inversion point formation pattern (EPFP)

= Solid yellow line marks the coalescence of
e Class 1 two EPs

Class II-b

(Aw)? I (4x%)

CS_l_:A1_4»‘/A2=O,A1 :rtO,AZ ¢O
t =0or (Aw)? = 4k?

Class I1I-b = Solid red curve marks the coalescence of
three EPs

CS—3:A,=A, =0
(Aw)? = 24/t + 4K2t2 — 2t2

» White dashed line marks the state inversion line : subclasses "a" and "b "
with different topological characteristics

= Decrease (Aw/2k)? continuously from point P1(0.7744, 1.004) to P8
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Eigenfrequency phase diagram

2.0

= Exceptional point formation pattern (b) Coal. of Bi-EPs
—— Coal. of Tri-EPs
1.0020 1.5 State Inversion
I (a) B PN (b) [~ (c) . @ <
2 1.0005 ) ] i 2xcs-1--ﬁ M 2 PI Class I
{% >ﬂ< i2xcs-z . ' “;5]; Class II-b
© 09990 " J i S =
. - L I I L L
Class III-b
= A5
=z
£ =20 - -
- L p1: 2_ L 5o, 2_ i 2_ ®, ®,
(Awf2x)’ = 1.004 P2: (Ao/2x)* = 1.00 P4: (swl2x)* = 0.574 K
25l A — D mwmn €
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 15
1.0020 t I I t
T (e) e () —— (9) - (h)
& tooos| /S S o P 3 SN -jcs'l' N N
g : ,. : , : oA , o, ® o,
‘s CS-15 CS-1+
& 0.9990 T / 2xCS-2 i —-f____,/ 2%CS-2 I 2xCS-2 o _____,__.,/ CS-14
A0f : — : — : : — System parameters:
e 7‘\:;2 wo = 3427.59 rad/s
= | 2xCs- " Cs-
z \ G-1- Nes14 Kk = —2.5rad/s
: cs-1 I
£ 2.0 2 2 + i \ ) . t =—2.2rad/s
r J(Awi2k)” = 0.412 | P6:(Aw/2x)" = 0.226 i (Awl2x)” = 0.117 s(Ao/2x)” = 0.00
25 P5. (Aml x) =0412 P6. (AmI x) =0.226 P7. (AmI x) =07 P8. (An: x)l 00 FO =10ra d/S
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 05 1.0 15
Al'/l"o A]"I]"o Al'll"o Arll"o
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Eigenfrequency phase diagram — Class 1

2.0
om M (b) Coal. of Bi-EPs
ce N —— Coal. of Tri-EPs

(a) H %% O Class I (b) 3480 . ; ; 15 State Inversion
- I I <
'S ~ D_’_¢' 3 Class T
- i 34607 : : o — -
o ) Class II-b
s s i 3
o @ 3440t >l | |
o L ‘
=1 | | |
-~ $ st L + Class III-b
-E- | |
E _— L | |
© N 1 |
() z I
= |
a E | @, K Oy
£
o £ (P] D mmmmmm C
o
' t I I t
3400 3450 3500
Frequency (Hz) AT/27 (Hz) A B
) K o,

Measured pressure response spectra at cavity B (filled symbols) and

cavity D (open symbols)

(Aw/2k)? = 3.665, (t/k)? = 0.094
Red squares : without loss

Two EPs are generatedat 3436.2 and 3471.0 HZ
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A, B: h=50.6 mm, putty 150 mg
C,D: h=50.0 mm

K — 1.2 mmtube

t = 0.8mm, 0.4mm tubes
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Eigenfrequency phase diagram — Class 2

2.0
(b) Coal. of Bi-EPs
(c) Class i (d)asso - Coal. of Tri-EPs
£ 2 1.5 State Inversion
'c og _ —
=1 N 3460 I Sy
. L I PI Class T
£ s + 10 P2
5 = 3440} E Ny P3 Class II-b
() « =~ N P4y
- N
T 1 3420} e,
= : L S
4 I o I II-a p7 ° 1: 6 Class III-b
S = [ : :
g N I I
2 < 20}, I
= S | |
g E i : : ©y K Oy
o M D mwmmn €
a -40}[:| @ E?]
3400 3450 3500 0 20 40 t I I t
AT/27 (Hz
Frequency (Hz) =(Hz) A B
. . o, K o
Measured pressure response spectra at cavity B (filled symbols) and ’
cavity D (open symbols) A B: h=50.6 mm
* (Aw/2K)% =10.79, (t/K)? = 0.017 €,D: h=50.2mm
- . . K — 2.0 mm, 0.8 mm tubes
State inversion t = 0.4 mm tube

= (Central coalesced state at3450 HZ, bifurcate againas Al increases.
—> This cannot occur in a 2X2 system.
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Eigenfrequency phase diagram — Class 3

2.0
(b) Coal. of Bi-EPs
(e) Class lll (f) —— Coal. of Tri-EPs
= 15 State Inversion
c 2 - ~ —_
= £ 3480 %
E. = = -PI Class I
s & § Class II-b
[ 3460 =
T 1
=
%. Class III-b
5 ]
s =
é E' Wy K Oy
o D pmwmwmmmm C
o
3450 3500 t I I t
Frequency (Hz) AT'/2x(Hz) A s B

Measured pressure response spectra at cavity B (filled symbols) and
cavity D (open symbols)

A, B: h=50.2 mm, putty 150 mg
. (Aa)/ZK)Z = 0.048, (t/K)Z = 0.025 C,D:h=50.0mm

K — 2.0 mm, 0.8 mm tubes
t > 0.4 mm, 0.8 mm tubes

= Astage with 3 different Re[f]
= Aregime with only one real frequency
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Eigenfrequency phase diagram — State inversion line

2.0

. . (b) Coal. of Bi-EPs
= At P6, the system configuration meet the boundary of —— Coal. of Tri-EPs

15 State Inversion
classes 3-aand 3-b

181 Class I
Class II-b

(Aw)’ I (47

= State inversion line: 4k? = 4t? + (Aw)?

= Although the EP patternin (e) and (g) seems to be same,

N
they actually have different chiralities. : Class THl-b
P5 P6 P7 P8 i i
. 1 K 1
1.0020
. @ — o (g) — (h) Py —
£ 10005 &1 N L CS-1e) —/ -1 N\ fcs-l- N t I I t
e E / /1" f
Py CS-14 CS-1+
@ 099% _— 2xCs-2 - __.___,./ 2xCS-2 T 2xCs2 — -_// CS-14 A oo B
o 1 1 1 1 1 1 1 1 ©, K 0)2
-1.0 ——
= \/2xCs-2] [ CS-1-
8 \ ~CS-14
£ 2.0 CS-1+ : y
- N
" P5:(Awi2x) = 0.412 " P6:(Aw/2x)’ = 0.226 " P7:(Awl2¢)’ = 0.117 P8:(Aw/2x)’ = 0.00
-2-50.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 15

AI'II'o Al"ll"o Al'll'o Al"ll"o
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Topological characteristics around singularities

2.0

®  The chirality of EP (b) Coal. of Bi-EPs
Coal.of'l‘ri-!‘]l’s
analogous to the polarization of EM waves: [(—i,1) right - 5 State Inversion
V2 2 PI Class 1
(i; 1) left Ng Class II-b
V2

Class III-b

Class llI-a
(a) —_——t=0
1.0002 o, o,
K
D ¢
Cl -
~ t| |t
{5 1.0000
o Ao B
m . K
Cs-1-(R/L) CS-1-(L/R) 2 ®,
0.9998 |
A A 1 P L 2 1 1 b I\
0.15 0.30 0.30 0.45 0.60
AT/ l"u AT/ I"0

= (Class 2-a and 2-b share the same EPFP, but the chirality of EPs is different.
= (Class 2-a: two CS-1 have opposite chirality, two EPs cancel each other.
= (Class 2-b : two CS-1 have the same chirality, there is a higher-order singularity.
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Topological characteristics around singularities

. . . M g Y _1
(@) Phase rigidity of all the eigenstates for P2 T = (¢f |¢f)

(b) Exponent of 1
(c) Encircling the coalescence point (U=>V >W X ->U)
: only 1 cycle is required to bring the two states back to their original positions

(a) 1 BN R (b) S
|rJ| oc |AT-AT (|
516 Fitting s=0.997
0.1¢
i 1 & =
E\ 5| o _gl: 5.4
001} © J=1 EE
° =§ | 5.7 1
+ j=
X j =4 1 ImAD"
1 11 1 X 1 1
0.30 0.45 v i -5.0 4.5 -4.0
© Arir, vCoal. gf< Bi-EPs ,iAr Log |Ar-AT |
v rand '}
1.0002 | L - i
< ] ' el
{Z 1.0000 i / -
) \>—< / i
o
0.9998 |- L L i
U v w ImAT /T, X

ImAT / r,

ReAr'/ r,

ReAT' /T, u

2.0
(b) Coal. of Bi-EPs
—— Coal. of Tri-EPs
15 State Inversion

181 Class I
Class II-b

(Aw)’ I (47

Class III-b
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Topological characteristics around singularities

(a)
(b)
(c)

Phase rigidity of all the eigenstates for P4

Exponent of 3/4

Encircling the coalescence point (U>V >W >X >U)
: 4 cycles are required to bring the states back to their original positions

(b)

(Aw)’ I (47

2.0

1.5

(b)

Coal. of Bi-EPs
—— Coal. of Tri-EPs
State Inversion

18 Class I
Class II-b

Class III-b

(@ 4
i s

|rj| o |AT=AT |

Fitting s=0.750

001 © J=1 541
o j=2 g
g A B
+ j= 3 | o, « A
X j=4 ? ImAr 2
-3 1 1 Ur& X 1 1 1
1x10 0.75 0.80 T A 7.2 6.4 5.6
AT/T, cs3 ReAT Log |AT-AT |
(©)1.001 — -
eO
]
o I I
'—ﬂ
0.999 |- , ,
u ImI‘II‘o
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Conclusion

= EP-related physics are expected to be even richer with increased number of
connected cavities

: the symmetry of the network and the topology of the connectivity canserve as

extra degrees of freedom.

= The new physics obtained here should also apply to EM and matter waves.

= As singularities underlie the essence of EPs, the new singularities found in higher
dimensions and their associated topological properties can serve as new platforms
for realizing new phenomena.

Your Occasion May 12, 2016 18



